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0. Introduction
The existence of holomorphic vector ﬁelds on complex manifolds reﬂects both the topological and geometrical infor-
mation of the complex manifolds. In order to prove the non-existence of certain objects of geometric interest, such as
holomorphic vector ﬁelds and harmonic forms on compact Kaehler manifolds, Bochner [10,11] initiated the now-called
Bochner technique [25]. This technique involves an application of both the Laplacian and maximum principle on Riemannian
manifolds. Along this line, we refer to [16,23,25] and [26].
However, the most often used intrinsic metrics on complex manifolds are usually complex Finsler metrics, such as the
Kobayashi and Carathéodory metrics. They arise naturally in the geometric theory of several complex variables, see [1,18]
and the recent work of [24].
Let M be a connected complex manifold endowed with a strongly pseudoconvex complex Finsler metric F in the sense of
[1]. In this paper, we introduce the complex horizontal Laplacian h and complex vertical Laplacian v on the holomorphic
tangent bundle T 1,0M of M , establish a precise relationship among h,v and the Hodge–Laplace operator  on T 1,0M .
As an application, we prove a vanishing theorem of holomorphic p-forms on M under the condition that F is a Kaehler
Finsler metric on M .
However, there is no canonical way to deﬁne Laplacian on Finsler manifolds, we refer to [2,8] and the recently work
of [21]. Our motivation for introducing h and v comes from the recent study of vanishing theorem of cohomology on
the strongly pseudoconvex complex Finsler manifold (M, F ), see [3–7,13–15,19–21,24]. The method developed in this paper
seems ﬂexible and also more in spirit of Bochner [26].
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552 C. Zhong / Differential Geometry and its Applications 27 (2009) 551–565It is known to us that if F comes from a Kaehler metric on M , then the complex Laplacian  on M and the Hodge–
Laplace operator  on M satisfy  = 2 and  = , see [17]. One may seek the same relationship among h,v and
the Hodge–Laplace operator  on T 1,0M . But in general there is no such relationship among h,v and  even F is a
Kaehler Finsler metric on M . We also note that the Cartan connection associated to a strongly pseudoconvex complex Finsler
manifold (M, F ) is different from the Chern Finsler connection associated to (M, F ), and their difference is not a tensor [1].
These differences motivate us to investigate the vanishing theorem on a strongly pseudoconvex complex Finsler manifold
(M, F ) via the method of complex differential geometry, which also proves to be effective in the treatment of complex
Finsler submanifolds [29].
The key point is that the complex horizontal Laplacian h also lives in the projectivized tangent bundle PM˜ , which is a
compact complex manifold whenever M is compact. This makes it possible for us to establish a divergence type lemma and
furthermore use it obtain a vanishing theorem of holomorphic p-forms on M when F is a Kaehler Finsler metric on M .
The main results in this paper are (cf. Theorem 5.5, Theorem 5.7 and Theorem 6.3).
Theorem A. Let (M, F ) be a Kaehler Finsler manifold with the associated complex Rund connection D, and Ω(·,·) be the curvature
tensor of D. Then
h = −G β¯αDδβ¯ Dδα − G β¯αe
(
dzγ
)
i(δα)
{[δγ , δβ¯ ] + Ω(δγ , δβ¯ )}. (0.1)
Theorem B. Let (M, F ) be a strongly pseudoconvex complex Finsler manifold with the associated complex Rund connection D, and
〈·,·〉 be the induced Hermitian metric on T 1,0M by F . Then the Laplace–Beltrami operator  associated to (T 1,0M, 〈·,·〉), the complex
horizontal Laplacian h and the complex vertical Laplacian v associated to (M, F ) are related by
 f =h f +h f +v f +v f , ∀ f ∈ C∞(M˜). (0.2)
Theorem C. Let (M, F ) be a compact Kaehler Finsler manifold. If ϕ is a holomorphic p-form (p  1) on M such that
Re
{
G β¯α
〈
Ω(δα, δβ¯ )ϕ,ϕ
〉}
 0, (0.3)
then it must be |Dhϕ|2 = 0, i.e., Dhϕ = 0. If furthermore
Re
{
G β¯α
〈
Ω(δα, δβ¯ )ϕ,ϕ
〉}
< 0, (0.4)
then no such holomorphic p-form ϕ exists on M.
This paper is arranged as follows. In Section 1 we recall some basic fact about the complex Rund connection D associated
to (M, F ). In Section 2, the exterior derivative operator d on T 1,0M is investigated, and a decomposition of d into four endo-
morphisms Dh,Dv ,D3,D4 and their conjugations are obtained. In Section 3, as in Hermitian geometry [17], we introduce
a global Hermitian inner product (·,·) in A p,q;r,sc (M˜), where A p,q;r,sc (M˜) is the space of (p,q; r, s)-forms with compact
support in M˜ . Then we deﬁne a Hodge star operator ∗ : A p,q;r,sc (M˜) → A p,q;r,sc (M˜) and the metric adjoints D∗h ,D∗v ,D∗3,D∗4
and their conjugations with respect to the global inner product (·,·). In Section 4, the Levi-Civita connection ∇˜ associated
to (T 1,0M, 〈,〉) is expressed in terms of the connection coeﬃcients of the complex Rund connection. In Section 5, we ob-
tain the global form of h and v . In Section 6 we establish a divergence type lemma and prove a vanishing theorem of
holomorphic p-forms on Kaehler Finsler manifolds.
1. Complex Rund connection
In this section we recall the complex Rund connection associated to (M, F ). The basic reference to this section is [1,22].
Let M be a connected complex manifold of dimCM = n. Denote by π : T 1,0M → M the holomorphic tangent bundle of
M , and set M˜ = T 1,0M\{o}, where o is the zero section of T 1,0M . Obviously, both T 1,0M and M˜ are non-compact complex
manifolds.
Let {zα} be the local holomorphic coordinates on M , and {zα, vα} be the induced local holomorphic coordinates on
T 1,0M . Set
∂α := ∂
∂zα
, ∂˙α := ∂
∂vα
.
In this paper, M is assumed to be endowed with a strongly pseudoconvex complex Finsler metric F in the sense that
F : T 1,0M → [0,+∞) satisfying
(1) G = F 2(z, v) is smooth on M˜;
(2) F (z, v) > 0 for all (z, v) ∈ M˜;
(3) F (z, λv) = |λ|F (z, v) for all (z, v) ∈ T 1,0M and λ ∈ C;
(4) the Levi matrix
(Gαβ¯ ) := (∂˙α∂˙β¯G) (1.1)
is positive deﬁnite on M˜ .
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convex complex Finsler manifold, and is denoted by (M, F ). If, moreover, M is compact then (M, F ) is called a compact
strongly pseudoconvex complex Finsler manifold.
Denote by (G β¯α) the inverse matrix of (Gαβ¯ ), i.e., G
τ¯ αGβτ¯ = δαβ , where we are using Einstein convention and lowercase
Greek letters run form 1 to n.
Let
F (z, v) =
√
gαβ¯(z)v
α v¯β . (1.2)
If the Hermitian matrix (gαβ¯ ) is positive deﬁnite on M , then G = F 2 is a strongly pseudoconvex complex Finsler metric on
M . Thus Hermitian metric is a special case of complex Finsler metrics.
Denote by
δμ = ∂μ − Γ αμ ∂˙α, δvα = dvα + Γ αμ dzμ,
where Γ αμ := G β¯α∂μ∂˙β¯G is the Christoffel symbols of the complex non-linear connection associated to F . In this paper we
shall use the local frame {δα, ∂˙α} for T 1,0M˜ , and its dual frame {dzα, δvα} for T 1,0∗M˜ . Under change of coordinates, the
behavior of {δα, ∂˙α} and {dzα, δvα} are the same as tensor ﬁelds deﬁned on the base manifold M .
Let TCM˜ be the complexiﬁed bundle of T 1,0M˜ . Then F induces a Hermitian structure
〈,〉 = Gαβ¯ dzα ⊗ dz¯β + Gαβ¯δvα ⊗ δ v¯β (1.3)
in the complex vector bundle TCM˜ , since the Levi matrix (Gαβ¯ ) is positive deﬁnite on M˜ . Thus the complex manifold M˜
endowed with the Hermitian metric 〈,〉 is a Hermitian manifold, and there is a compatible connection in the Hermitian
vector bundle TCM˜ . However, in this paper we shall use the complex Rund connection in the complex vector bundle TCM˜ ,
which is characterized by
ωαβ = Γ αβ;μ dzμ + Γ αβμδvμ (1.4)
with
Γ αβ;μ = G τ¯ αδμ(Gβτ¯ ),Γ αβμ ≡ 0. (1.5)
Recently, this connection is studied in [3–7]. Since the horizontal coeﬃcients of the complex Rund connection and Chern–
Finsler connection coincide, the horizontal covariant derivatives of a tensor with respect to the complex Rund connection
and Chern–Finsler connection is the same. Thus the complex Rund connection is horizontal metrical in the sense that
Gβτ¯ |μ = δμ(Gβτ¯ ) − Gατ¯ Γ αβ;μ = 0. (1.6)
However, it is not vertical metrical in general, since the vertical coeﬃcients of the complex Rund connection are chosen
to be vanished identically, the vertical covariant derivative of a tensor with respect to ∂˙α is just differentiate the tensor
with ∂˙α . Therefore the complex Rund connection is vertical metrical if and only if
∂Gαβ¯
∂vγ = 0, if and only if F comes from a
Hermitian metric on M .
Denote by D :X (TCM˜) → X (T ∗CM˜ ⊗ TCM˜) the complex Rund connection in the complex vector bundle TCM˜ . Locally, we
have
Dδα δβ = Γ γβ;αδγ , Dδα¯ δβ = 0, D ∂˙α δβ = 0, D ∂˙α¯ δβ = 0, (1.7)
Dδα ∂˙β = Γ γβ;α∂˙γ , Dδα¯ ∂˙β = 0, D ∂˙α ∂˙β = 0, D ∂˙α¯ ∂˙β = 0. (1.8)
The connection D in TCM˜ also induces a connection D :X (T ∗CM˜) → X (T ∗CM˜ ⊗ T ∗CM˜) by deﬁning DXω(Y ) := DX (ω(Y )) −
ω(DXY ) for any X, Y ∈ X (TCM˜) and ω ∈ X (T ∗CM˜). This connection D can be extended to the more general tensor bundles
of T ∗
C
M˜ .
It is easy to check that
Dδαdz
γ = −Γ γ
β;α dz
β, Dδα¯dz
γ = 0, D ∂˙αdzγ = 0, D ∂˙α¯dzγ = 0, (1.9)
Dδα δv
γ = −Γ γ
β;αδv
β, Dδα¯ δv
γ = 0, D ∂˙α δvγ = 0, D ∂˙α¯ δvγ = 0. (1.10)
Let T (X, Y ) = DXY − DY X − [X, Y ] and Ω(X, Y )Z = DX DY Z − DY DX Z − D[X,Y ] Z be the torsion and curvature tensors
of D , respectively. Then it is easy to check that the non-zero components of T and Ω are give respectively by [4]
T (δα, δβ) = T γ;βαδγ , T (δα, δβ¯ ) = T˙ γ;β¯α ∂˙γ − T˙
γ
;α¯β ∂˙γ¯ , T (δα, ∂˙β¯ ) = T˙ γβ¯;α∂˙γ , (1.11)
R(δα, ∂˙β)∂˙γ = Rσγ β;α∂˙σ , R(δα, δβ¯ )∂˙γ = Rσγ ;αβ¯ ∂˙σ , R(δα, ∂˙β¯ )∂˙γ = Rσγ β¯;α∂˙σ , (1.12)
where
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(
Γ
γ
α
)
, T˙ γ
β¯;α = −∂˙β¯
(
Γ
γ
α
)
, (1.13)
Rσγ β;α = −∂˙β
(
Γ σγ ;α
)
, Rσ
γ ;αβ¯ = −δβ¯
(
Γ σγ ;α
)
, Rσ
γ β¯;α = −∂˙β¯
(
Γ σγ ;α
)
(1.14)
and the over-lines denote the conjugation.
2. Decomposition of the exterior derivative on M˜
In this section we shall investigate the exterior derivative operator d on T 1,0M , and obtain a decomposition of d into
four endomorphisms and their conjugations.
Now let us consider the space A (M˜) of smooth complex-valued forms on M˜ which is deﬁne by [19,20]
A (M˜) =
⊕
p,q,r,s=0,...,n
A p,q;r,s(M˜),
where A p,q;r,s(M˜) is the set of (p,q; r, s)-forms which can be non-zero only when they act on p vector ﬁelds of h-type, on
q vector ﬁelds of h¯-type, on r vector ﬁelds of v-type, and on s vector ﬁelds of v¯-type. Locally, with respect to the adapted
frame {dzα,dz¯α, δvα, δ v¯α} for T ∗
C
M˜ , ϕ ∈ A p,q;r,s(M˜) can be represented by
ϕ = 1
p!q!r!s!ϕAp BqCr Dsdz
Ap ∧ dz¯Bq ∧ δvCr ∧ δ v¯ Ds , (2.1)
where Ap denotes the ordered p-tuple (α1 . . . αp), Bq the ordered q-tuple (β¯1 . . . β¯q), Cr the ordered r-tuple (μ1 . . .μr),
Ds the ordered s-tuple (ν¯1 · · · ν¯s), dzAp = dzα1 ∧ · · · ∧ dzαp , dz¯Bq = dz¯β1 ∧ · · · ∧ dz¯βq , δvCr = δvμ1 ∧ · · · ∧ δvμr and δ v¯ Ds =
δ v¯ν1 ∧ · · · ∧ δ v¯νs .
If all the coeﬃcients ϕAp BqCr Ds of ϕ ∈ A p,q;r,s(M˜) are compactly supported in M˜ , then ϕ is said to be compactly
supported in M˜ , and we denote by A p,q;r,sc (M˜) ⊂ A p,q;r,s(M˜) the subspace of smooth complex-valued forms, which are
compactly supported in M˜ . Especially, we denote A p,qc (M˜) the space of smooth complex-valued horizontal forms of type
(p,q), which are compactly supported in M˜ .
The decomposition of A (M˜) into types induces a decomposition of the exterior derivative operator d on T 1,0M . Since
T 1,0M is a complex manifold, d = ∂ + ∂¯ , and in terms of local holomorphic coordinates (zα, vα) on T 1,0M , it is easy to
check that
∂ f = (δβ f )dzβ + (∂˙β f )δvβ, ∂¯ f = (δβ¯ f )dz¯β + (∂˙β¯ f )δ v¯β, ∀ f ∈ C∞(M˜).
For the one-forms {δvα, δ v¯α}, we have
∂
(
δvα
)= Γ αβ;μδvβ ∧ dzμ, (2.2)
∂
(
δ v¯α
)= δβ(Γ α¯μ¯ )dzβ ∧ dz¯μ + ∂˙β(Γ α¯μ¯ )δvβ ∧ dz¯μ, (2.3)
where in the ﬁrst equation we have used the identities [1]
δβ
(
Γ αμ
)− δμ(Γ αβ )= 0, ∂˙β(Γ αμ )= Γ αβ;μ.
Thus for every ϕ ∈ A p,q;r,s(M˜), we have
∂ϕ ∈ A p+1,q;r,s(M˜) ⊕A p,q;r+1,s(M˜) ⊕ A p+1,q+1;r,s−1(M˜) ⊕ A p,q+1;r+1,s−1(M˜). (2.4)
In order to obtain the relationship between dϕ and the h(v)-covariant derivative of ϕ with respect to D , we denote i(X)
the substitution operator which is induced by X ∈ X (TCM˜), and denote e(φ) the operator by wedging with a differential
form φ, i.e., e(φ)ϕ = φ ∧ ϕ if φ,ϕ ∈ A (M˜). Note that i(X) is an antiderivation in the exterior algebra A (M˜) and for every
X, Y ∈ X (TCM˜),ϕ ∈ A (M˜) we have
i(X)i(Y )ϕ = −i(Y )i(X)ϕ, i(X)ϕ = i(X)ϕ, (2.5)
where the over-lines denote conjugation. In particular,
i(δα)dz
β = δβα, i(δα)dz¯β = 0, i(δα)δvβ = 0, i(δα)δ v¯β = 0, (2.6)
i(∂˙α)dz
α = 0, i(∂˙α)dz¯β = 0, i(∂˙α)δvβ = δβα, i(∂˙α)dzβ = 0, (2.7)
and
e(φ)e(ψ)ϕ = −e(ψ)e(φ)ϕ, i(X)e(φ)ϕ = [i(X)φ]∧ ϕ − e(φ)i(X)ϕ (2.8)
for any 1-forms φ,ψ ∈ A (M˜) and ϕ ∈ A p,q;r,s(M˜).
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operators:
Dh = e
(
dzα
)
Dδα + Γ λβ;αe
(
dzα
)
e
(
dzβ
)
i(δλ) : A p,q;r,s(M˜) → A p+1,q;r,s(M˜), (2.9)
Dv = e
(
δvα
)
D ∂˙α :A
p,q;r,s(M˜) → A p,q;r+1,s(M˜), (2.10)
D3 = δγ
(
Γ λ¯σ¯
)
e
(
dz¯σ
)
e
(
dzγ
)
i(∂˙λ¯) :A
p,q;r,s(M˜) → A p+1,q+1;r−1,s(M˜), (2.11)
D4 = ∂˙γ
(
Γ λ¯σ¯
)
e
(
dz¯σ
)
e
(
δvγ
)
i(∂˙λ¯) :A
p,q;r,s(M˜) → A p+1,q+1;r,s−1(M˜). (2.12)
Proposition 2.1. Let Dh,Dv ,D3,D4 be the conjugations of Dh,Dv ,D3,D4 , respectively. Then the exterior derivative operator d
acting on A p,q;,r,s(M˜) has the following decomposition
d = Dh + Dh + Dv + Dv + D3 + D3 + D4 + D4. (2.13)
Proof. This is a direct calculation, and we omit its proof here. 
3. Hodge ∗-operator in A p,q;r,sc (M˜)
In this section we shall deﬁne a global inner product (·,·) in A p,q;r,sc (M˜). And then deﬁne the metric adjoints
D∗h ,D∗v ,D∗3,D∗4 of Dh,Dv ,D3,D4, respectively with respect to the global inner product (·,·).
First, by (1.3) we have
〈δα, δβ 〉v = Gαβ¯ (v), 〈δα, ∂˙β〉v = 0, 〈∂˙α, ∂˙β〉v = Gαβ¯ (v), (3.1)
〈δα¯, δβ¯ 〉v = Gβα¯(v), 〈δα¯, ∂˙β¯〉v = 0, 〈∂˙α¯ , ∂˙β¯〉v = Gβα¯(v), (3.2)
where 〈·,·〉v denotes the inner product on complex vector space TCM˜ at v ∈ M˜ . The inner product 〈·,·〉v induces an inner
product on the space Av(M˜) of forms evaluated at v ∈ M˜ . We also denote this inner product by 〈·,·〉v and we deﬁne the
following:〈
dzα,dzβ
〉
v = G β¯α(v),
〈
dzα, δvβ
〉
v = 0,
〈
δvα, δvβ
〉
v = G β¯α(v), (3.3)〈
dz¯α,dz¯β
〉
v = Gα¯β (v),
〈
dz¯α, δ v¯β
〉
v = 0,
〈
δ v¯α, δ v¯β
〉
v = Gα¯β (v). (3.4)
In order to deﬁne a global inner product in A p,q;r,sc (M˜), we need an invariant volume form dV M˜ of M˜ . Thus let
ω = √−1Gαβ¯ dzα ∧ dz¯β +
√−1Gαβ¯δvα ∧ δ v¯β
be the associated Kaehler form of 〈·,·〉. Then it is easy to check that dV M˜ = ω
2n
(2n)! deﬁnes a global invariant volume form of
M˜ . Furthermore, if we denote by G = det(Gαβ¯ ), then it is easy to check that
dV M˜ = (−1)nG2dz1 ∧ · · · ∧ dzn ∧ dz¯1 ∧ · · · ∧ dz¯n ∧ δv1 ∧ · · · ∧ δvn ∧ δ v¯1 ∧ · · · ∧ δ v¯n.
Now at each point v ∈ M˜ we can deﬁne the inner product of ϕ,ψ ∈ A p,q;r,sc (M˜) by
〈ϕ,ψ〉v = 1
p!q!r!s!ϕAp BqCr Dsψ
Ap BqCr Ds , (3.5)
where we have denoted by
GAp A
′
p = Gα¯1α′1 · · ·Gα¯pα′p ,ψ Ap BqCr Ds = ψA′p B ′qC ′r D ′s G Ap A
′
p GB
′
q Bq GCrC
′
r GD
′
s Ds .
Deﬁnition 3.1. The global inner product of two forms ϕ,ψ ∈ A p,q;r,sc (M˜) is given by
(ϕ,ψ) =
∫
M˜
〈ϕ,ψ〉v dV M˜ . (3.6)
Obviously, the global inner product (·,·) satisﬁes the following properties:
(1) (ϕ,ψ) = (ψ,ϕ),
(2) (aϕ + bφ,ψ) = a(ϕ,ψ) + b(φ,ψ) for every a,b ∈ C,
(3) (ϕ,ϕ) 0 and (ϕ,ϕ) = 0 if and only if ϕ = 0.
We deﬁne |ϕ| = √(ϕ,ϕ) for ϕ ∈ A p,q;r,sc (M˜).
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Let ϕ ∈ A p,q;r,sc (M˜) be given by (2.1). We deﬁne the star operator ∗ :A p,q;r,sc (M˜) → A n−p,n−q;n−r,n−sc (M˜) by
∗ϕ =
ηAn−p Bn−qCn−r Dn−s
(n − p)!(n − q)!(n − r)!(n − s)! dz
An−p ∧ dz¯Bn−q ∧ δvCn−r ∧ δ v¯ Dn−s , (3.7)
where
ηAn−p Bn−qCn−r Dn−s =
ε(p,q; r, s)
p!q!r!s! GAp An−p Bq Bn−q GCrCn−r DsDn−sϕ
Ap BqCr Ds , (3.8)
ε(p,q; r, s) = (−1)n+(q+r+s)(n−p)+(r+s)(n−q)+s(n−r), (3.9)
GAp An−p Bq Bn−q = Gα1β¯1 · · ·Gαp β¯p Gαp+1β¯p+1 · · ·Gαn β¯n . (3.10)
Then as in Hermitian geometry [17], one can verify that the star operator deﬁned above satisﬁes the following theorem.
Since the proof of the following theorem gives no new sight we omit its proof here.
Theorem 3.2. The star operator ∗ :A p,q;r,sc (M˜) → A n−p,n−q;n−r,n−sc (M˜) satisﬁes
(1) 〈ψ,ϕ〉dV M˜ = ψ ∧ ∗ϕ;
(2) ∗ϕ = ∗ϕ¯;
(3) ∗1= dV M˜ ,∗dV M˜ = 1;
(4) ∗ ∗ ϕ = (−1)p+q+r+sϕ;
(5) (∗ψ,∗ϕ) = (ψ,ϕ).
Now we can deﬁne the metric adjoints of the operators (2.9)–(2.12) and their conjugations with respect to the global
Hermitian inner product (·,·) in A (M˜). Let ϕ ∈ A p−1,q;r,sc (M˜) and ψ ∈ A p,q;r,sc (M˜), then by Theorem 3.2 we have
(dϕ,ψ) =
∫
M˜
dϕ ∧ ∗ψ
= (−1)p+q+r+s
∫
M˜
ϕ ∧ d ∗ ψ +
∫
M˜
d(ϕ ∧ ∗ψ)
= (−1)p+q+r+s
∫
M˜
ϕ ∧ d ∗ ψ
= −
∫
M˜
ϕ ∧ ∗(∗d∗)ψ,
where in the third equality we have used the fact that∫
M˜
d(ϕ ∧ ∗ϕ) = 0,
since ϕ ∧ ∗ϕ is a form of type (n − 1,n;n,n) on M˜ and ϕ ∧ ∗ϕ has compact support in M˜ . By type reason we have
(dϕ,ψ) = (Dhϕ,ψ) = −
∫
M˜
ϕ ∧ ∗(∗d∗)ψ = −
∫
M˜
ϕ ∧ ∗(∗Dh∗)ψ.
Consequently,
D∗h = − ∗ Dh ∗ .
By conjugation, we have D∗h = − ∗ Dh∗. Similar reasons give other metric adjoints, i.e.,
D∗v = − ∗ Dv∗, D∗v = − ∗ Dv∗, D∗3 = − ∗ D3∗, D∗3 = − ∗ D3∗, D∗4 = − ∗ D4∗, D∗4 = − ∗ D4 ∗ .
In Section 5 we shall obtain the precise expressions of the metric adjoints D∗,D∗v ,D∗ and D∗ , respectively.h 3 4
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Note that the complex manifold M˜ endowed with the Hermitian metric 〈,〉, is a Hermitian manifold. Let g˜ = Re〈,〉 be the
associated Riemannian metric and ∇˜ be the Levi-Civita connection on (M˜, g˜), then the exterior differential operator d and
its formal adjoint d∗ on T 1,0M have the following invariant forms [21]
d = dzα ∧ ∇˜δα + dz¯α ∧ ∇˜δα¯ + δvα ∧ ∇˜∂˙α + δ v¯α ∧ ∇˜∂˙α¯ , (4.1)
d∗ = −G β¯α i(δβ¯ )∇˜δα − G β¯α i(δα)∇˜δβ¯ − G β¯α i(∂˙β¯ )∇˜∂˙α − G β¯α i(∂˙α)∇˜∂˙β¯ . (4.2)
In order to derive the precise expressions of the metric adjoints D∗h ,D∗v ,D∗3,D∗4 and their conjugations we need know
the behavior of d∗ acting on A p,q;r,s(M˜). Thus we need ﬁrstly derive the local version of the Levi-Civita connection ∇˜ asso-
ciated to (M˜, g˜). In the following, we shall express the connection coeﬃcients of ∇˜ in terms of the connection coeﬃcients
and torsion components of D .
Theorem 4.1. The Levi-Civita connection ∇˜ on (M˜, g˜) is given by
∇˜δβ δα =
1
2
(
Γ λα;β + Γ λβ;α
)
δλ, (4.3)
∇˜δβ ∂˙α =
1
2
G γ¯ λ
[
∂˙α(Gβγ¯ ) + δβ
(
Γ ε¯γ¯
)
Gαε¯
]
δλ + Γ λα;β ∂˙λ, (4.4)
∇˜δβ δα¯ =
1
2
G γ¯ λGβε¯
[
Γ ε¯γ¯ ;α¯ − Γ ε¯α¯;γ¯
]
δλ + 1
2
G λ¯γ Gεα¯
[
Γ εγ ;β − Γ εβ;γ
]
δλ¯
− 1
2
[
G γ¯ λ∂˙γ¯ (Gβα¯) − δα¯
(
Γ λβ
)]
∂˙λ − 1
2
[
G λ¯γ ∂˙γ (Gβα¯) + δβ
(
Γ λ¯α¯
)]
∂˙λ¯, (4.5)
∇˜δβ ∂˙α¯ =
1
2
G γ¯ λ
[
∂˙α¯(Gβγ¯ ) − δγ¯
(
Γ εβ
)
Gεα¯
]
δλ, (4.6)
∇˜∂˙β δα =
1
2
G γ¯ λ
[
∂˙β (Gαγ¯ ) + δα
(
Γ ε¯γ¯
)
Gβε¯
]
δλ, (4.7)
∇˜∂˙β ∂˙α = G γ¯ λ∂˙α
(
Γ ε¯γ¯
)
Gβε¯δλ + G γ¯ λ∂˙β (Gαγ¯ )∂˙λ, (4.8)
∇˜∂˙β δα¯ =
1
2
G λ¯γ
[
∂˙β (Gγ α¯) − δγ
(
Γ ε¯α¯
)
Gβε¯
]
δλ¯ − ∂˙β
(
Γ λ¯α¯
)
∂˙λ¯, (4.9)
∇˜∂˙β ∂˙α¯ = 0. (4.10)
Proof. As is known, the Levi-Civita connection ∇˜ associated to the Riemann metric g˜ is given by
2g˜(∇˜X Y , Z) = X g˜(Y , Z) + Y g˜(Z , X) − Z g˜(X, Y ) + g˜
([X, Y ], Z)− g˜([Y , Z ], X)+ g˜([Z , X], Y ) (4.11)
for any X, Y , Z ∈ X (TCM˜). Set
∇˜δβ δα = Γ˜ λα;βδλ + Γ˜ λ¯α;βδλ¯ + Γ˜ λαβ ∂˙λ + Γ˜ λ¯αβ ∂˙λ¯. (4.12)
Since
g˜(X, Y ) = Re〈X, Y 〉 = 1
2
[〈X, Y 〉 + 〈X, Y 〉], ∀X, Y ∈ TCM˜,
it follows from (1.3) and (4.11) that
2g˜(∇˜δβ δα, δγ¯ ) = Γ˜ λα;βGλγ¯ =
1
2
δβ(Gαγ¯ ) + 12 δα(Gβγ¯ ),
from which we obtain
Γ˜ λα;β =
1
2
G γ¯ λ
[
δβ(Gαγ¯ ) + δα(Gβγ¯ )
]= 1
2
(
Γ λα;β + Γ λβ;α
)
.
Similar calculations give
Γ˜ λ¯α;β = 0, Γ˜ λαβ = 0, Γ˜ λ¯αβ = 0.
Thus we prove (4.3). Repeat the above process we can prove (4.4)–(4.10). 
Thus using Theorem 4.1 and the formula
(∇˜Xω)(Y ) := ∇˜X
(
ω(Y )
)− ω(∇˜X Y )
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∇˜δβ dzγ = −
1
2
(
Γ
γ
α;β + Γ γβ;α
)
dzα − 1
2
G λ¯γ Gβε¯
[
Γ ε¯
λ¯;α¯ − Γ ε¯α¯;λ¯
]
dz¯α
− 1
2
G λ¯γ
[
∂˙α(Gβλ¯) + δβ
(
Γ ε¯
λ¯
)
Gαε¯
]
δvα − 1
2
G λ¯γ
[
∂˙α¯(Gβλ¯) − δλ¯
(
Γ εβ
)
Gεα¯
]
δ v¯α, (4.13)
∇˜δβdz¯γ = −
1
2
G γ¯ λGεα¯
[
Γ ελ;β − Γ εβ;λ
]
dz¯α, (4.14)
∇˜δβ δvγ = −Γ γα;βδvα +
1
2
[
G λ¯γ ∂˙λ¯(Gβα¯) − δα¯
(
Γ
γ
β
)]
dz¯α, (4.15)
∇˜δβ δ v¯γ =
1
2
[
G γ¯ λ∂˙λ(Gβα¯) + δβ
(
Γ
γ¯
α¯
)]
dz¯α, (4.16)
∇˜∂˙βdzγ = −
1
2
G λ¯γ
[
∂˙β (Gαλ¯) + δα
(
Γ ε¯
λ¯
)
Gβε¯
]
dzα − G λ¯γ ∂˙α
(
Γ ε¯
λ¯
)
Gβε¯δv
α, (4.17)
∇˜∂˙β dz¯γ = −
1
2
G γ¯ λ
[
∂˙β (Gλα¯) − δλ
(
Γ ε¯α¯
)
Gβε¯
]
dz¯α, (4.18)
∇˜∂˙β δvγ = −G λ¯γ ∂˙β (Gαλ¯)δvα, (4.19)
∇˜∂˙β δ v¯γ = ∂˙β
(
Γ
γ¯
α¯
)
dz¯α. (4.20)
5. Invariant complex horizontal and vertical Laplacians on M˜
In this section we shall ﬁrst derive the precise expression of the metrical adjoints D∗h ,D∗v ,D∗3,D∗4 and their conjugations.
Then we deﬁne four kinds of complex Laplacians and obtain their global expressions, respectively.
Let’s ﬁrst see the simple case when the Hodge Laplace operator  acting on functions f ∈ C∞(M˜). Denote by
Aα = G β¯α(Γ γ¯
β¯;γ¯ − Γ
γ¯
γ¯ ;β¯
)
, A˙γ = G β¯αG λ¯γ ∂˙λ¯(Gαβ¯ ). (5.1)
It is clear that both Aα and A˙α are contravariant tensor ﬁelds on M˜ . In the following we denote by Aα¯ and A˙γ¯ the
conjugation of Aα and A˙γ , respectively.
Theorem 5.1. Let  be the Hodge Laplace operator on the Riemannian manifold (M˜, g˜). Then for every real function f ∈ C∞(M˜) we
have
 f = −G β¯αδβ¯ ◦ δα f − G β¯αδα ◦ δβ¯ f − G β¯α ∂˙β¯ ◦ ∂˙α f − G β¯α ∂˙α ◦ ∂˙β¯ f + Aαδα f + Aα¯δα¯ f − A˙γ ∂˙γ f − A˙γ¯ ∂˙γ¯ f . (5.2)
Proof. Note that for a real function f ∈ C∞(M˜) we have
df = δα f dzα + δα¯ f dz¯α + ∂˙α f δvα + ∂˙α¯ f δ v¯α,
where
δα f := ∂ f
∂zα
− Γ βα ∂ f
∂vβ
, δα¯ f := ∂ f
∂ z¯α
− Γ β¯α¯
∂ f
∂ v¯β
.
Since for a real function f ∈ C∞(M˜), we have  = d∗df . Thus by (4.2) we have
 = −G β¯α i(δβ¯ )∇˜δαdf − G β¯α i(δα)∇˜δβ¯ df − G β¯α i(∂˙β¯ )∇˜∂˙αdf − G β¯α i(∂˙α)∇˜∂˙β¯ df .
Using (4.13)–(4.20) we obtain
G β¯α i(δβ¯ )∇˜δαdf = −
1
2
G λ¯γ
(
Γ
β¯
λ¯;β¯ − Γ
β¯
β¯;λ¯
)
δγ f + G β¯αδα ◦ δβ¯ f −
1
2
G γ¯ λ
(
Γ αλ;α − Γ αα;λ
)
δγ¯ f
+ 1
2
G β¯α
[
G λ¯γ ∂˙λ¯(Gαβ¯ ) − δβ¯
(
Γ
γ
α
)]
∂˙γ f + 1
2
G β¯α
[
G γ¯ λ∂˙λ(Gαβ¯ ) + δα
(
Γ
γ¯
β¯
)]
∂˙γ¯ f ,
G β¯α i(δα)∇˜δβ¯df = G β¯αδβ¯ ◦ δα f −
1
2
G λ¯γ
(
Γ
β¯
λ¯;β¯ − Γ
β¯
β¯;λ¯
)
δγ f − 1
2
G γ¯ λ
(
Γ αλ;α − Γ αα;λ
)
δγ¯ f
+ 1
2
[
G λ¯γ ∂˙λ¯(Gαβ¯ ) + δβ¯
(
Γ
γ
α
)]
∂˙γ f + 1
2
G β¯α
[
G γ¯ λ∂˙λ(Gαβ¯ ) − δα
(
Γ
γ¯
β¯
)]
∂˙γ¯ f ,
G β¯α i(∂˙β¯ )∇˜∂˙αdf = G β¯α ∂˙α ◦ ∂˙β¯ f ,
G β¯α i(∂˙α)∇˜∂˙ df = G β¯α ∂˙β¯ ◦ ∂˙α f .β¯
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In the following, we shall derive the metrical adjoints (2.9)–(2.12) and their conjugations. First, it follows from (2.13) that
the dual operator d∗ can be decomposed correspondingly as
d∗ = D∗h + D∗h + Dv ∗ +D∗v + D∗3 + D∗3 + D∗4 + D∗4. (5.3)
Now substituting (4.13)–(4.20) into (4.2), after a bit long but direct computations and arrangement of the resulted terms
according to types we obtain
D∗hϕ = −
1
p!q!r!s! δβ¯ (ϕAp BqCr Ds )G
β¯α i(δα)
(
dzAp ∧ dz¯Bq ∧ δvCr ∧ δ v¯ Ds )+ G λ¯μ[Γ α¯
λ¯;α¯ − Γ α¯α¯;λ¯
]
i(δμ)ϕ
− 1
2
G λ¯μ
[
Γ α¯
λ¯;σ¯ − Γ α¯σ¯ ;λ¯
]
e
(
dz¯σ
)
i(δα¯)i(δμ)ϕ − 12G
β¯αG λ¯μGσ ε¯
[
Γ ε¯
λ¯;β¯ − Γ ε¯β¯;λ¯
]
e
(
dzσ
)
i(δα)i(δμ)ϕ
− 1
2
G β¯α
(
Γ
μ¯
σ¯ ;β¯ + Γ
μ¯
β¯;σ¯
)
e
(
dz¯σ
)
i(δα)i(δμ¯)ϕ − G β¯αΓ μ¯σ¯ ;β¯e
(
δ v¯σ
)
i(δα)i(∂˙μ¯)ϕ, (5.4)
D∗hϕ = −
1
p!q!r!s! δα(ϕAp BqCr Ds )G
β¯α i(δβ¯ )
(
dzAp ∧ dz¯Bq ∧ δvCr ∧ δ v¯ Ds )+ Gμ¯λ[Γ αλ;α − Γ αα;λ]i(δμ¯)ϕ
− 1
2
Gμ¯λ
[
Γ αλ;σ − Γ ασ ;λ
]
e
(
dzσ
)
i(δα)i(δμ¯)ϕ − 12G
α¯βGμ¯λGεσ¯
[
Γ ελ;β − Γ εβ;λ
]
e
(
dz¯σ
)
i(δα¯)i(δμ¯)ϕ
− 1
2
Gα¯β
(
Γ
μ
σ ;β + Γ μβ;σ
)
e
(
dzσ
)
i(δα¯)i(δμ)ϕ − Gα¯βΓ μσ ;βe
(
δvσ
)
i(δα¯)i(∂˙μ)ϕ, (5.5)
D∗vϕ = −G β¯α i(∂˙α)D ∂˙β¯ ϕ − A˙
μi(∂˙μ)ϕ + G λ¯μG β¯τ ∂˙σ¯ (Gτ λ¯)e
(
dz¯σ
)
i(δβ¯ )i(∂˙μ)ϕ
+ G β¯αG λ¯μ∂˙β¯ (Gσ λ¯)e
(
dzσ
)
i(δα)i(∂˙μ)ϕ − G β¯αGμ¯τ ∂˙σ¯ (Gτ β¯ )e
(
δ v¯σ
)
i(∂˙α)i(∂˙μ¯)ϕ, (5.6)
D∗vϕ = −G β¯α i(∂˙β¯ )D ∂˙α − A˙μ¯i(∂˙μ¯)ϕ + Gμ¯λG τ¯ β ∂˙σ (Gλτ¯ )e
(
dzσ
)
i(δβ)i(∂˙μ¯)ϕ
+ Gα¯βGμ¯λ∂˙β (Gλσ¯ )e
(
dz¯σ
)
i(δα¯)i(∂˙μ¯)ϕ − Gα¯βG τ¯μ∂˙σ (Gβτ¯ )e
(
δvσ
)
i(∂˙α¯)i(∂˙μ)ϕ, (5.7)
D∗3ϕ = −G β¯αGμ¯λGεσ¯ δβ¯
(
Γ ελ
)
e
(
δ v¯σ
)
i(δα)i(δμ¯)ϕ, (5.8)
D∗3ϕ = −Gα¯βG λ¯μGσ ε¯δβ
(
Γ ε¯
λ¯
)
e
(
δvσ
)
i(δα¯)i(δμ)ϕ, (5.9)
D∗4ϕ = −G β¯αG λ¯μGεσ¯ ∂˙λ¯
(
Γ εα
)
e
(
δ v¯σ
)
i(∂˙μ)i(δβ¯ )ϕ, (5.10)
D∗4ϕ = −Gα¯βGμ¯λGσ ε¯ ∂˙λ
(
Γ ε¯α¯
)
e
(
δvσ
)
i(∂˙μ¯)i(δβ)ϕ. (5.11)
Deﬁnition 5.2. We deﬁne the following differential operators:
h = DhD∗h + D∗hDh, v = DvD∗v + D∗vDv ,
3 = D3D∗3 + D∗3D3, 4 = D4D∗4 + D∗4D4.
h and v are respectively called the complex horizontal and vertical Laplacians on (M, F ).
Remark. Although the exterior derivative operator d acting on A p,q;r,s(M˜) is not a type-preserving operator, the complex
Laplacians deﬁned in Deﬁnition 5.2 are all type preserving operators from A p,q;r,s(M˜) to A p,q;r,s(M˜). If F comes from a
Hermitian metric on M then it is easy to see that 4 vanishes identically.
Theorem 5.3. Let (M, F ) be a strongly pseudoconvex complex Finsler manifold endowed with the associated complex Rund connec-
tion D. Then for every complex-valued function f ∈ C∞(M˜) we have
h f = −G β¯αDδβ¯ Dδα f + AαDδα f . (5.12)
Proof. Since by deﬁnition h f = D∗hDh f . It follows from (5.4) that
D∗hDh f = D∗h
(
δα f dz
α
)= −G β¯αδβ¯ ◦ δα f + G β¯α(Γ γ¯β¯;γ¯ − Γ γ¯γ¯ ;β¯)δα f ,
which completes the proof. 
Obviously, the type preserving components of the Hodge–Laplace operator  acting on A p,q;r,sc (M˜) are
h +h +v +v +3 +3 +4 +4.
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(ϕ,ψ) = (hϕ,ψ) + (hϕ,ψ) + (vϕ,ψ) + (vϕ,ψ) + (3ϕ,ψ) + (3ϕ,ψ) + (4ϕ,ψ) + (4ϕ,ψ). (5.13)
It follows immediately from (5.13) that a complex horizontal form ϕ ∈ A p,qc (M˜) is -harmonic if and only if
hϕ = 0, hϕ = 0, vϕ = 0, vϕ = 0, 3ϕ = 0, 3ϕ = 0, 4ϕ = 0, 4ϕ = 0. (5.14)
In the following, we shall derive the expressions of the complex Laplacians h,v ,3,4 for more general (p,q; r, s)-
forms. By the expression of D∗h , one sees that the calculation of h will be greatly simpliﬁed if Γ αβ;μ = Γ αμ;β , i.e., F is a
strongly Kaehler Finsler metric [1]. However, recently [12] proved that Γ α
β;μ = Γ αμ;β if and only if Γ αβ;μvβ = Γ αμ;β vμ , i.e., F is
a Kaehler Finsler metric [1]. For this reason, in the following we shall call (M, F ) a Kaehler Finsler manifold if its associated
complex Rund connection coeﬃcients Γ α
β;μ = Γ αμ;β . However, we shall see in a moment that the Kaehler Finsler condition
shows no inﬂuence in calculating v ,3,4 and their conjugations. First we need the following lemma.
Lemma 5.4. Let (M, F ) be a strongly pseudoconvex complex Finsler manifold with the associated complex Rund connection D. Then
for every ϕ ∈ A p,q;r,s(M˜) we have
Dδγ i(δα)ϕ = i(δα)Dδγ ϕ + Γ σα;γ i(δσ )ϕ, (5.15)
Dδγ i(δα¯)ϕ = i(δα¯)Dδγ ϕ, (5.16)
Dδγ i(∂˙α)ϕ = i(∂˙α)Dδγ ϕ + Γ σα;γ i(∂˙α)ϕ, (5.17)
Dδγ i(∂˙α¯)ϕ = i(∂˙α¯)Dδγ ϕ, (5.18)
D ∂˙α i(∂˙γ )ϕ = i(∂˙γ )D ∂˙α ϕ, (5.19)
D ∂˙α i(∂˙γ¯ )ϕ = i(∂˙γ¯ )D ∂˙α ϕ, (5.20)
D ∂˙α i(δμ)ϕ = i(δμ)D ∂˙α ϕ, (5.21)
D ∂˙β¯ i(δλ)ϕ = i(δλ)D ∂˙β¯ ϕ. (5.22)
Proof. It suﬃces to compute by using (1.9)–(1.10) and (2.6)–(2.7), and we omit its proof here. 
Theorem 5.5. Let (M, F ) be a Kaehler Finsler manifold with the associated complex Rund connection D, and Ω(·,·) be the curvature
tensor of D. Then
h = −G β¯αDδβ¯ Dδα − G β¯αe
(
dzγ
)
i(δα)
{[δγ , δβ¯ ] + Ω(δγ , δβ¯ )},
v = −G β¯αD ∂˙β¯ D ∂˙α − A˙
αD ∂˙α − ∂˙α
(A˙σ )e(δvα)i(∂˙σ ) − ∂˙σ¯ (Gμ¯α)e(δ v¯σ )i(∂˙μ¯)D∂α − ∂˙σ (Gα¯μ)e(δvσ )i(∂˙μ)D ∂˙α¯
− ∂˙σ¯
(
G β¯α
)
e
(
dz¯σ
)
i(δβ¯ )D ∂˙α + G β¯νG λ¯α ∂˙β¯ (Gσ λ¯)e
(
dzσ
)
i(δν)D ∂˙α −
[
∂˙α ∂˙σ¯
(
G β¯μ
)]
e
(
δvα
)
e
(
dz¯σ
)
i(δβ¯ )i(∂˙μ)
+ ∂˙α
[
G β¯νG λ¯μ∂˙β¯ (Gσ λ¯)
]
e
(
δvα
)
e
(
dzσ
)
i(δν)i(∂˙μ) +
[
∂˙α ∂˙σ¯
(
Gμ¯ν
)]
e
(
δvα
)
e
(
δ v¯σ
)
i(∂˙ν)i(∂˙μ¯),
3 = −δν¯
(
Γ λσ
)
δα
(
Γ ε¯
θ¯
)
G β¯αG θ¯μGλε¯e
(
dz¯ν
)
e
(
dzσ
)
i(δβ¯ )i(δμ) + δν¯
(
Γ λσ
)
δα
(
Γ ε¯
θ¯
)
G ν¯αG θ¯σ Gγ ε¯e
(
δvγ
)
i(∂˙λ)
− δν¯
(
Γ λσ
)
δα
(
Γ ε¯
θ¯
)
G ν¯αG θ¯μGγ ε¯e
(
δvγ
)
e
(
dzσ
)
i(δμ)i(∂˙λ) − δν¯
(
Γ λσ
)
δα
(
Γ ε¯
θ¯
)
G β¯αG θ¯σ Gγ ε¯e
(
δvγ
)
e
(
dz¯ν
)
i(δβ¯ )i(∂˙λ),
4 = ∂˙γ¯
(
Γ θσ
)
∂˙α
(
Γ ε¯ν¯
)
G β¯αG ν¯μGθε¯e
(
δ v¯γ
)
e
(
dzσ
)
i(δμ)i(∂˙β¯ ) + ∂˙γ¯
(
Γ λσ
)
∂˙α
(
Γ ε¯ν¯
)
G γ¯ αG ν¯σ Gθε¯e
(
δvθ
)
i(∂˙λ)
− ∂˙γ¯
(
Γ λσ
)
∂˙α
(
Γ ε¯ν¯
)
G γ¯ αG ν¯μGθε¯e
(
δvθ
)
e
(
dzσ
)
i(δμ)i(∂˙λ) − ∂˙γ¯
(
Γ λσ
)
∂˙α
(
Γ ε¯ν¯
)
G β¯αG ν¯σ Gθε¯e
(
δvθ
)
e
(
δ v¯γ
)
i(∂˙β¯ )i(∂˙λ).
Remark. The complex horizontal Laplacian h is also deﬁned by the authors [27] in a different way. Since the Kaehler
Finsler condition shows no inﬂuence on v ,3 and 4 and their conjugations, the expression of v ,3 and 4 are
actually true for the more general strongly pseudoconvex complex Finsler manifold (M, F ). By conjugations, one may obtain
the complex Laplacians h,v ,3,4.
Proof. Firstly, since on a Kaehler Finsler manifold Γ α
β;μ = Γ αμ;β , it follows from (2.9) and (5.4) that
Dhϕ = e
(
dzα
)
Dδαϕ,
D∗hϕ = −
1
p!q!r!s! δβ¯ (ϕAp BqCr Ds )G
β¯α i(δα)
(
dzAp ∧ dz¯Bq ∧ δvCr ∧ δ v¯ Ds )
− G β¯αΓ μ¯
σ¯ ;β¯e
(
dz¯σ
)
i(δα)i(δμ¯)ϕ − G β¯αΓ μ¯σ¯ ;β¯e
(
δ v¯σ
)
i(δα)i(∂˙μ¯)ϕ
= −G β¯α i(δα)Dδ ¯ϕ.β
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DhD∗h = −e
(
dzγ
)
Dδγ
[
G β¯α i(δα)Dδβ¯
]
= −δγ
(
G β¯α
)
e
(
dzγ
)
i(δα)Dδβ¯ − G β¯αe
(
dzγ
)
Dδγ
[
i(δα)Dδβ¯
]
= −G β¯αe(dzγ )i(δα)Dδγ Dδβ¯ ,
where we have used (1.5) and (5.15) in the second equation.
On the other hand,
D∗hDh = −G β¯α i(δα)Dδβ¯
[
e
(
dzγ
)
Dδγ
]
= −G β¯α i(δα)e
(
dzγ
)
Dδβ¯ Dδγ
= −G β¯αDδβ¯ Dδα + G β¯αe
(
dzγ
)
i(δα)Dδβ¯ Dδγ .
Consequently we have
h = −G β¯αDδβ¯ Dδα − G β¯αe
(
dzγ
)
i(δα)(Dδγ Dδβ¯ − Dδβ¯ Dδγ ).
Since [δα, δβ ] ∈ VC , it follows from (1.9)–(1.10) that
Ω(δγ , δβ¯ ) = Dδγ Dδβ¯ − Dδβ¯ Dδγ − [δγ , δβ¯ ],
from which we obtain the desired expression of h .
By similar process we can obtain the expression of v ,3 and 4, and for space consideration we omit its here. 
Corollary 5.6. Let (M, F ) be a strongly pseudoconvex complex Finsler manifold with the associated complex Rund connection D. Then
for every f ∈ C∞(M˜), we have
v f = −G β¯αD ∂˙β¯ D ∂˙α f − A˙
αD ∂˙α f . (5.23)
Proof. This follows immediately from the expression of v . 
Theorem 5.7. Let (M, F ) be a strongly pseudoconvex complex Finsler manifold with the associated complex Rund connection D, and
〈·,·〉 be the induced Hermitian metric on T 1,0M by F . Then the Laplace–Beltrami operator  associated to (T 1,0M, 〈·,·〉), the complex
horizontal Laplacian h and the complex vertical Laplacian v associated to (M, F ) are related by
 f =h f +h f +v f +v f , ∀ f ∈ C∞(M˜). (5.24)
Proof. This follows immediately from Theorem 5.1, (5.12) and (5.23). 
Corollary 5.8. If F comes from a Hermitian metric on M, then for every f ∈ C∞(M˜),
h f = −G β¯αDδβ¯ Dδα f , v f = −G β¯αD ∂˙β¯ D ∂˙α f . (5.25)
Proof. Since in this case the Finsler fundamental tensor Gαβ¯ is independent of the direction variable v , thus A˙α ≡ 0 and
this completes the proof. 
Note that if f ∈ C∞(M), then it follows from Corollary 5.6 and Theorem 5.7 that
 f =h f +h f .
This observation makes it possible for us to obtain a vanishing theorem of holomorphic vector ﬁelds on the base mani-
fold M .
6. A vanishing theorem of holomorphic p-forms on M
By Theorem 5.7, if a real function f satisﬁes h f =v f = 0, then  f = 0, i.e., f is a harmonic function on M˜ . However,
this fact is not true when f is a complex-valued function since h is not a real operator. In fact even on a Kaehler Finsler
manifold, we have [28]
h −h = i[DhDh + DhDh,Λ]. (6.1)
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theorem of holomorphic p-forms on M . Let ϕ = 1p!ϕApdzAp be a complex-valued p-forms on M . Although the pulled back
π∗ϕ is deﬁned on M˜ , π∗ϕ doesn’t has compact support in M˜ . Thus it is necessary for us to formulate those Laplacians on
the projectivized tangent bundle PM˜ (see [9,15]) rather on the non-compact complex manifold M˜ , since PM˜ is a compact
complex manifold of dimCPM˜ = 2n − 1 whenever M is a compact complex manifold of dimension n. A careful observation
shows that the complex horizontal Laplacian h in fact lives on the projectivized tangent bundle PM˜ since h is invariant
under the scaling v → λv for every λ ∈ C∗ .
In the following we shall derive a divergence lemma for the horizontal vector ﬁelds X = Xαδα + X α¯δα¯ on PM˜ and then
use it prove a vanishing theorem of holomorphic p-forms on M under the condition that F is a Kaehler Finsler metric.
As is known [9], the Hermitian metric 〈·,·〉 given by (1.3) descends to the following Hermitian metric
〈·,·〉 = (∂˙α∂˙β¯ lnG)δvα ⊗ δ v¯β + Gαβ¯dzα ⊗ dz¯β (6.2)
on the total space PM˜ . Thus we can choose the invariant volume form dV
PM˜ of PM˜ as
dV
PM˜ =
ω˙n−1V
(n − 1)! ∧
ωnB
n! ,
where we have denoted
ω˙V =
√−1(∂˙α∂˙β¯ lnG)δvα ∧ δ v¯β, ωB =
√−1Gαβ¯ dzα ∧ dz¯β .
Since by Proposition 2.3 in [9], we have√−1∂∂¯ lnG = ω˙V + κ, (6.3)
where
κ =
√−1
G
[
(∂α∂β¯G − (∂α∂˙μ¯G)Gμ¯ν(∂˙ν∂β¯G)
]
dzα ∧ dz¯β .
Thus the volume dV
PM˜ can be expressed as
dV
PM˜ =
(
√−1∂∂¯ lnG)n−1
(n − 1)! ∧
ωnB
n! . (6.4)
Let X be a real horizontal vector ﬁeld on PM˜ and denote LX the Lie derivative with respect to the volume form dVPM˜ ,
then the divergence of X = Xαδα + X α¯δα¯ with respect to dVPM˜ is given by
LX dVPM˜ = (div X)dVPM˜ . (6.5)
Lemma 6.1. Let dV
PM˜ be given by (6.4) and X = Xαδα + X α¯δα¯ be a real horizontal vector ﬁeld on PM˜, then
LX dVPM˜ =
(
Xα|α − Xα Pα + X α¯|α¯ − X α¯ P α¯
)
dV
PM˜ , (6.6)
where Xα|α = δα(Xα) + XβΓ αβ;α is the horizontal covariant derivative of Xα with respect to the complex Rund connection and Pα =
Γ
γ
α;γ − Γ γγ ;α .
Proof. Since dV
PM˜ is a volume form of PM˜ we have d[dVPM˜ ] = 0 on PM˜ . Consequently by the E. Cartan’s homotopy formula
LX = i X ◦ d + d ◦ i X , for the given real vector X = Xαδα + X α¯δα¯ , we have
d
[
i(X)dV
PM˜
]= LX dVPM˜ . (6.7)
Now
LX dVPM˜ =
1
(n − 2)!
[LX (√−1∂∂¯ lnG) ∧ (√−1∂∂¯ lnG)n−2]∧ ωnB
n! +
1
(n − 1)! (
√−1∂∂¯ lnG)n−1 ∧
(
LX
ωnB
n!
)
. (6.8)
We claim that the ﬁrst term on the right side of (6.8) vanishes. In fact, since
√−1∂∂¯ lnG is a closed (1,1)-form, we have
LX (
√−1∂∂¯ lnG) = d[i(X)∂∂¯ lnG].
On the other hand, by (6.3) we have
i(X)(
√−1∂∂¯ lnG) = i(X)(κ) ≡ 0 mod{dzμ,dz¯ν}
since κ is a horizontal (1,1)-form. Thus,
LX (
√−1∂∂¯ lnG) ≡ 0 mod{dzμ,dz¯ν},
and the ﬁrst term on the right side of (6.8) vanishes.
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ωnB
n! = (−1)
n2/2G dz1 ∧ · · · ∧ dzn ∧ dz¯1 ∧ · · · ∧ dz¯n. (6.9)
Using the formula
(LYω)(Z) = Y
(
ω(Z)
)− ω(LY Z), ∀Y , Z ∈ TCM˜,ω ∈ T ∗CM˜,
we have
LX dzα = δμ
(
Xα
)
dzμ + δμ¯
(
Xα
)
dz¯μ + ∂˙μ
(
Xα
)
δvμ + ∂˙μ¯
(
Xα
)
δ v¯μ, (6.10)
LX dz¯α = δμ
(
X α¯
)
dzμ + δμ¯
(
X α¯
)
dz¯μ + ∂˙μ
(
X α¯
)
δvμ + ∂˙μ¯
(
X α¯
)
δ v¯μ. (6.11)
Thus one can check by using (6.9) and (6.10)–(6.11) that
LX
ωnB
n! =
[
δα
(
Xα
)+ Xαδα(lnG) + δα¯(X α¯)+ X α¯δα¯(lnG)]ωnB
n! + R1 + R2 + R3,
where
R1 = 0 mod
{
dz1, . . . ,dzn
}
, R2 = 0 mod
{
dz¯1, . . . ,dz¯n
}
, R3 = 0 mod
{
δvμ, δ v¯μ
}
.
Since by Lemma 1.3 in [27],
δα
(
Xα
)+ Xαδα(lnG) + δα¯(X α¯)+ X α¯δα¯(lnG)
= δα
(
Xα
)+ XαΓ γγ ;α + δα¯(X α¯)+ X α¯Γ γ¯γ¯ ;α¯
= Xα|α − Xα Pα + X α¯|α¯ − X α¯ P α¯ .
Therefore,
1
(n − 1)!
(√−1∂∂¯ lnG)n−1 ∧(LX ωnB
n!
)
= 1
(n − 1)! (ω˙V + κ)
n−1 ∧
[(
Xα|α − Xα Pα + X α¯|α¯ − X α¯ P α¯
)ωnB
n! + R1 + R2 + R3
]
= (Xα|α − Xα Pα + X α¯|α¯ − X α¯ P α¯) ω˙n−1V(n − 1)! ∧ ω
n
B
n! ,
which completes the proof. 
Theorem 6.2. Let (M, F ) be a compact strongly pseudoconvex complex Finsler manifold. Then for every real function f ∈ C∞(PM˜),∫
PM˜
(h f +h f )dVPM˜ = 0. (6.12)
Proof. Let f ∈ C∞(PM˜) be a real function on PM˜ . Choose Xα = G β¯α∇δβ¯ f and X = Xαδα + X α¯δα¯ . Then it is easy to check
that
Xα|α − Xα Pα + X α¯|α¯ − X α¯ P α¯ = −(h f +h) f .
Thus (6.12) follows immediately from (6.6) and (6.7). This completes the proof. 
Theorem 6.3. Let (M, F ) be a compact Kaehler Finsler manifold. If ϕ is a holomorphic p-forms (p  1) on M such that
Re
{
G β¯α
〈
Ω(δα, δβ¯ )ϕ,ϕ
〉}
 0, (6.13)
then it must be |Dhϕ|2 = 0, i.e., Dhϕ = 0. If furthermore
Re
{
G β¯α
〈
Ω(δα, δβ¯ )ϕ,ϕ
〉}
< 0, (6.14)
then no such holomorphic p-forms ϕ exists on M.
Remark. Theorem 6.3 shows that the horizontal curvature of the complex Rund connection is suﬃcient to characterize the
non-existence of holomorphic differential forms on M .
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zontal metrical, we have
−h|ϕ|2 = G β¯α
[〈Dδαϕ, Dδβ ϕ〉 + 〈Dδβ¯ ϕ, Dδα¯ ϕ〉 + 〈Dδβ¯ Dδαϕ,ϕ〉 + 〈ϕ, Dδβ Dδα¯ ϕ〉].
On the other hand, on a Kaehler Finsler manifold it follows from Γ α
β;μ = Γ αμ;β and (2.9) that
Dh = e
(
dzα
)
Dδα , Dh = e
(
dz¯α
)
Dδα¯ .
Thus if ϕ is a holomorphic p-form on M , we have
G β¯α〈Dδαϕ, Dδβ ϕ〉 = 〈Dhϕ,Dhϕ〉 = |Dhϕ|2  0,
G β¯α〈Dδβ¯ ϕ, Dδα¯ ϕ〉 = 〈Dhϕ,Dhϕ〉 = 0.
Consequently,
−(h +h)|ϕ|2 = 2|Dhϕ|2 + 2ReG β¯α〈Dδβ¯ Dδαϕ,ϕ〉.
Since ϕ is a holomorphic p-form on M , we have Dδβ¯ ϕ = 0, [δα, δβ¯ ]ϕ = 0, thus
Dδβ¯ Dδαϕ = Dδα Dδβ¯ ϕ − [δα, δβ¯ ]ϕ − Ω(δα, δβ¯ )ϕ = −Ω(δα, δβ¯ )ϕ. (6.15)
So that
−(h +h)|ϕ|2 = 2|Dhϕ|2 − 2Re
{
G β¯α
〈
Ω(δα, δβ¯ )ϕ,ϕ
〉}
.
Now it follows from Theorem 6.2 that∫
PM˜
|Dhϕ|2 dVPM˜ =
∫
PM˜
Re
{
G β¯α
〈
Ω(δα, δβ¯ )ϕ,ϕ
〉}
dV
PM˜ .
Consequently if
Re
{
G β¯α
〈
Ω(δα, δβ¯ )ϕ,ϕ
〉}
 0,
it must be |Dhϕ|2 = 0, i.e., Dhϕ = 0. Furthermore, if
Re
{
G β¯α
〈
Ω(δα, δβ¯ )ϕ,ϕ
〉}
< 0,
then no such holomorphic forms exist on M . 
Corollary 6.4. (See [26].) In a compact Kaehler manifold with Rαβ¯ξαξ β¯  0, a self-adjoint covariant vector ﬁeld whose components
are analytic function of coordinates must have vanishing covariant derivative, and if Rαβ¯ξαξ β¯ > 0, no such covariant vector ﬁelds
exists other than zero.
Proof. If F comes from a Kaehler metric on M , then (M, F ) is a Kaehler manifold and the Finsler fundamental tensor Gαβ¯
is independent of the direction variable v . Thus the horizontal coeﬃcients
Γ αβ;μ = G τ¯ αδμ(Gβτ¯ ) = G τ¯ α
∂Gβτ¯
∂zμ
,
which are also independent of the direction variable v . Consequently, the horizontal curvature components Rνμ;βα¯ of the
complex Rund connection reduces to
Rνμ;βα¯ = −δα¯
(
Γ νμ;β
)= −∂Γ νμ;β
∂ z¯α
= −Rνμβα¯,
where we have denoted Rνμβα¯ =
∂Γ νμ;β
∂ z¯α the curvature of the Kaehler manifold (M, F ). Thus by (6.15), if ϕ = ϕσ dzσ is a
holomorphic 1-form on M , we have
Ω(δα, δβ¯ )ϕ = −Dδβ¯ Dδαϕ = ϕνRνμαβ¯ dzμ.
Since on a Kaehler manifold [26, p. 125], it holds that
Rν
μαβ¯
= −G ε¯νRμε¯αβ¯ .
Therefore
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〈
Ω(δα, δβ¯ )ϕ,ϕ
〉= ϕνRνμαβ¯ϕσ¯ G σ¯μG β¯α
= −ϕνG ε¯νRμε¯αβ¯ϕσ¯ G σ¯μG β¯α = −Rμε¯ϕμϕε¯,
where we have denoted by ϕε¯ = ϕνG ε¯ν ,ϕμ = ϕσ¯ G σ¯μ , and Rμε¯ = Rμε¯αβ¯G β¯α the Ricci tensor on the Kaehler manifold
(M, F ). Now Corollary 6.4 follows immediately from Theorem 6.3. This completes the proof. 
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